C om ological Scaling Solutions and C ross-coup ling 
Exponential P otential 


Zong-K uan Guo #, Yun-Song P jiao’*, Rong-G en Caf and Yuan-Zhong Zhang? 


a Institute of Theoretical P hysics, Chinese A cadem y of Sciences, P O . Box 2735, Beijing 100080, China 
°CCAST (W ord Lab.), P O . Box 8730, Beijing 100080 


A bstract 


W e present a phase-space analysis of com ology containing multiple scalar elds witha 
positive or negative cross-coupling exponential potential. W e show that there exist pow er~ 
Jaw kineticppotentialscaling solutions fora su ciently at positive potentialor fora step 
negative potential. The fom er is the unique htetm e attractor, but t is di cut to yield 
assisted in ation. The hter is never stable in an expanding universe. M oreover, fora step 
negative potential there exists a kinetic-dom inated regme in which each solution isa Bte- 
tim e attractor. In the presence of ordinary m atter these scaling solutions with a negative 
cross-coupling potential are found unstable. W e brie y discuss the physical consequences 
of these results. 
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1 Introduction 


Scalar eld com ologicalm odels are of great m portance in m odem com ology. The dark 
energy is attributed to the dynam ics ofa scalar eld, which convincingly realizes the goal 
ofexplaining current accelerating expansion ofuniverse generically using only attractor so- 
lutions [l]. Furthem orea scalar eld can drive an accelerated expansion and thus provides 
possibe m odels forcosn ologicalin ation in the early universe P]. In particular, there have 
been a num ber of studies of spatially hom ogeneous scalar eld com ologicalm odels w ith an 
exponential potential They are already known to have interesting properties; for exam pk, 


ifone has a universe containing a perfect uid and such a scalar eld, then fora w ide range 
of param eters the scalar eld mm ics the perfect uid, adopting its equation of state B]. 
These scaling solutions are attractors at late tm es Øl. The in ation models and other 
com ological consequences ofm ultipke scalar elds have also been considered B [6]. 


The scaleanvariant form m akes the exponential potential particularly sm pł to study 
analytically. There are wellknown exact solutions corresponding to power-law solutions 
for the œ% ological scale factora / t Ina patialy at Friedm ann-R obertson-W aker 
ERW ) modell]. M ore generally the coup ed E instein-K lein-G ordon equations fora singl 

eld can be reduced to a onedm ensional system which makes t particularly sutabk for 
a qualitative analysis B}, [9]. Recently, adopting a system of dim ension less dynam ical vari 
ables [0], the com ological scaling solutions w ith positive or negative exponentials have 
been studied [1]. In generalthere ar m any scalar elds w ith exponential potentials in su- 
pergravity, superstring and the generalized E insten theories, thus multi. potentials m ay 
be more interesting. In the previous paper [LQ], W e studied the stability of com ological 
scaling solutions in an expanding universe m odelw ith multiple scalar eldsw ith positive or 
negative exponential potentials. A phase-space analysis of the spatially atFRW models 
show s that there exist com ological scaling solutions which are the unique htetm e attrac 
tors and successful in ationary solutions driven by mult scalar elds with a wide range 
ofeach potential slope parameter . It is assum ed that there is no direct coupling between 
potentials. M ultiple cross-coupling exponential potentials arise in m any occasions, for in- 


stance, from com pacti cations of vacuum Einstein gravity on product spaces #3. Indeed 
they are a natural outcome of the com pacti cation of higher dm ensional theories down to 
3+ 1 dmensions. W ith this in mind t£ is worth investigating such potential in a bt more 
detail 


In this paper, we rst study a systen ofdm ensionless dynam ical variables ofm utip 


scalar els w th a postive or negative cross-coupling exponentialpotentiaL W e obtain the 

scaling solutions and analyze their stability. There still exist com ological scaling solutions 

which are the unique Jatetme attractors. In thismodelwe then introduce a barotropic 
uid to the system . W e discuss the physical consequencss of these results. 


2 Cross-coupling Exponential P otential 


W econsidern scalar elds ; with a crosscoupling potential 
! 


V = Vo exp ” ioi (1) 
i=l 
where ? 8 Gy isthe gravitationalcoupling and ,; are dim ensioniess constants charac- 
terising the slope of the potential Further we assume all ; 0 Since we can make then 
positive through , ! i {Esme of them are negative. The evolution equation of each 
scalar ed fora spatially atFRW modelwith Hubb parameterH is 


it 3H = 4 V= OQ; (2) 


sub ect to the Friedm ann constraint 


2 xn 1 
H*= — ==+V (3) 
3 a9 2 
De ning (n+ 1) dm emsioniess variables 
q E 
+ Yj 
X= P=; y= P=; (4) 
6H 3H 
the evolution equations can be w ritten as an autonom ous system : 
0 1 Ss 
= 3 
x) = 3x1 xA i žy; (5) 
=a . 
0 go 1 
0 = 3 
y = y @ 3x5 j ae ; (6) 


Jt 


where a prm e denotes a derivative with respect to the logarithm of the scalar factor, 
N ha, and the constraint equation becom es 


xo 
x å y =l: (7) 
i1 

Throughout this paper we w il use upper/lower signs to denote the two distinct cases of 
Vo > 0. x? m easures the contribution to the expansion due to the eld’s kinetic energy 
density, while y? represents the contribution of the potential energy. W e will restrict 
our discussion of the existence and stabilty of criticalpomts to expanding universes w ith 
H > 0,ie,y 0. Criticalpoints correspond to xed points where x? = 0 and y= 0, and 

there are selfsm ilar solutions w ith 


H- xX 2 
H2 = 3 Xj: (8) 


T his comesgponds to an expanding universe w ith a scale factor a(t) given by a / t, where 


1 
= —p——_; 9 
4 3 taki Á 


The system and {@ has at most one n-dimensional pher S enbedded in (n+ 1)- 
dim ensional phase-space corresponding to kineticdom inated solutions, and a xed point 
A,which isa kineticpotentialscaling solution listed in Table 1. 


In order to study the stability of the critical points, using the Fredm ann constraint 
equation we rst reduce Eqs.) and [@ ton indeoendent equations 
0 s 10 1 


X 
3x2 e1 xSA : (10) 


Substituting linear perturbations x; ! x;+ x about the critical pomts into Eqs.{1Q), to 
rst-order in the perturbations, gives equations ofm otion 
0 s 1 0 1 


x 
3x,A (x, x) 31 xA x; (11) 
j=1 j=1 


which yield n eigenvalues m;. Stabiltty requires the real part of all eigenvalues beng 
negative. 


P 
S% 25 x? = 1,y= 0. These kineticdom inated solutions always exist for any fm 


of the potential, which are equivalnt to sti - uid dom inated evolution with a / t 
irrespective of the nature of the potential Then E qs.[LI) become 


0 s 1 
3 x 
x= 2@ ; = 3xA (3%); 
2 
j=1 
, , . 2 À PoP, pH 
which yield n eigenvalues: one ofthem , say m ı, doesnot vanih, m ı = 6( 1 aX 6); 


the remains of them vanish. Thus the solutions are marginally stabk for 4, ( ix) > 
6. For the goecialcase ;=  , using the constraint equation we nd 6n ) < 


haxen ë ( xen)? = 1P 7. That is, if each scalar eld has an identicalslope 

potential, there exist stable points only for ? > 6n. 

q — p 
A: XxX = anys Q 2, f). Th potentiatkinetic-scaling solution exists for 
su ciently at 4%, 7 < 6 positive potentials or seep 4, f > 6 negative potentials. 
The power-law exponent, p= 242 ;,dependson parameter ;. From Eqs.[]) we nd the 
i=1 i 
eigenvalues 0 1 
x 
m:= 1 e6 2A 
at 2 J 


Tab 1: The properties of the criticalpoints in a spatially atFRW univers containing n 


scalar elds with the crosscouplhng exponential potential 


Thus the scaling solution is aways stable when this poit exists fora pose potential, 


which corresponds to the power-law in ation in an expanding universe when p1 E <2. 
H owever, this solution is unstable fora negative potential 


The di erent regions of ; param eter pacœ lead to di erent qualitative evolution. As 
an exam ple we consider the com olgies containing n scalar elds with the crosscoupling 
potential ,; = . Forthe su cently at ( ? < 6=n) positive potential, these kinetic- 
dom inated solutions are unstable and the kineticpotentiakscaling solution isthe stable Bte- 
tm e attractor. Hence generic solutions start in the form er and approach the Jater at late 
tim es. For the steep ( * > 6=n) positive potential, there exists a stable kineticdom inated 
regme, In which each points are the htetm e attractors. Hence generic solutions start in 
kinetic-dom inated solution and approach the stabl regme. Forthe at s ciently ( ? < 
6=n) negative potential, only these kineticdom inated solutions exist which are unstable 
scaling solutions. For the steeo ( 7 > 6=n) negative potential, the kineticpotentiakscaling 
solution is unstable and there exists a stable kineticdom inated regme. Hence generic 
solutions start in a kineticdom inated regme or the kineticpotentialscaling solution and 
approach the stable kineticdom inated regme at bte tm es. 


3 Plusa Barotropic F luid 


Wenow consider mutplk scalar elds with the crosscoupling potential evolving in 
a spatially at FRW univers contamning a_ uid with barotropic equation of state P = 

( 1) ,wher isa constant, 0 < 2, such as radiation ( = 4=3) ordus ( = 1). 
The evolution equation forthe barotropic uid is 


sub ect to the Fridem ann constraint 


H? = — 
3 


i= 1 


A 


p — 
W ede ne another dim ensionkess variable z +s. The evolution equations P) and 
can then be w ritten as an autonom ous system : 


0 1 su 
xn 3 
x = 3x, © 1 x — zA ¢ oy? (14) 
so 2 2 
0 Sa 1 
xn 3 3X 
y = yts ator o o S (15) 
c 2 Fas 
i= 5 
xn f 
z2 = lz +2 x+ 2 ; (16) 
i1 
and the constraint equation becom es 
xn 
x? y +z =l: (17) 


i= 1 


C rtical points correspond to xed points where x? = 0, y°= 0 and z°= 0, and ther are 


selfsm ilar solutions w ith 


H- x? 2 5 
—= 2 = a (18) 
H ; 2 


This comesgponds to an expanding universe w ith a scale factor a (t) given by a / t?, where 


2 


>: 19 
6 Ege +3 Z =A 


p= 


The system (14)-(1@ has at most one n-dimensional phew S enbedded in (n + 2)- 
dim ensional phase-space corresponding to kineticdom inated solutions, a xed point A 
which is a kineticpotentialkscaling solution, a xed point B which isa uid-dom nated 
solution, and a xed point C which isa uid-potentialkineticscaling solution listed in 
Tabe 2. 


P 
Se i x? = 1,y= 0,z= 0. Thes kineticdom inated solutions always exist for any 


form of the potential, which are equivalent to sti - uid dom nated evolution with a / t 
irrespective ofthe nature ofthe potential The lnearization ofsysten UA- about these 
xed points yields 


xX = DE 4 
3 

J = = ; 
5S ) z 


P pH 
which indicate that the solutions arem arginally stabl for 4.,(;4x%i)> 6andasti uid 
= 2. 


q 


a a 
A: x= m, y= ott + £1 f) z= 0. The potentiacin tic-scaling solution 
exists for su ciently at 4%, 2 < 6 positive potentials or steep 1, ? > 6 negative 


potentials. The poweraw exponent, p = P42 ~~, depends on the slope of the potential 
i L 
The linearization of systen A-U about this criticalpoint yields (n+ 1) eigenvalues 


0 1 
1 x 
j=1 
0 : 1 
1 x! 2 
= — A «a 
mz ~ a 


P 
Thus the scaling solution is stable fora positive potentialwith 4,1 : < 3 ,which cone- 
sponds to the power-law in ation in an expanding universewhen 1, 2< 2. 

B: xX = 0,y= 0,z= 1. The uiddom inated solution exists for any form of the 
potential, corresponding to a power-law solution with p= 2=3 


pe 
= 3 %+ 6B 6) z; 
2 3. az 


which indicate that the solution is never stable. 
q — S$ i a, 
C: X; = iP, y= 2E, z= 1 bo, The uid-potentialkinetic 
j=1 j i=1 i P fa i 
scaling solution exists fora positive potentialwith %, {> 3 .Thepowerlaw exponent, 
p= 2=3 ,isidenticaltothatofthe uid-dom inated solution, depends only on the barotropic 
index and is indesoendent of the slope ; of the potential The Imearization of system 
(14)-(1@ about the xed point yields 


0 1 
x xn 3 5 
x = 32 x «& x) 30a x0 x)+ -yA x 
a 2 a eB 
j= 1 j= 1 
P 
Ce 3 yey, 
Ss e 
xn 3 Y 
y= 3 ) & x) >y (j x) 
j=1 2 j=1 
0 s 1 
3 xn 3x 3 9 
+@=Q xo I x)+ >o Ay’A y; 
5 | ye 5) To y 
J J 
which yield (n+ 1) eigenvalues 
0 y — pl 
32 u 8 n 2 3 
nas e ei ey ae ee a; 
4 1 í ) 
0 y — pl 
n 2 
fi 3 (2 ed Ea Bp ead 2P 


oe Pee E ] 


a 
eee 


Tab 2: The properties of the criticalpoints in a spatially atFRW univers containing n 


scalar elds with the crosscoupling exponential potentialplus a barotropic uid. 


3 
m3 = sms 52 ): 


P 
Thus the scaling solution is stabl fora positive potentialwith 2%, 7> 3 


The di erent regions in the ( ; i) param eter space lead to di erent qualitative evolu- 
tion. For the su ciently at ( 1, ?< 3 ) positive potential, S,A and B exist. Point 
A is the stable latetme attractor. Hence generic solutions begin in a kineticdom inated 
regme or at the uid-dom inated solution and approach the kineticpotentialscaling so- 
lution at late times. For the intem edite 3B < =, f < 6) positive potential, all 
critical points exist. Poit C is the stable htetm e attractor. Hence generic solutions 
start in a kineticdom inated regme, at the kineticpotentialscaling solution or at the 

uid-dom inated solution and approach the stable uid-kineticjotentialscaling solution. 


For the steep ( %, 2 > 6) positive potential S, B and C exist. Point C is the sta- 


1 


ble btetme attractor. Hence generic solutions start in a kineticdom nated regme or at 
the uid-dom inated solution and approach the stable uid-kineticpotentialscaling solu- 
tion. For the su ciently at ( 2%, 2< 3 ) negative potential, the kineticdom inated 
solution S and the papas inated solution B exist, which are unstable. For the inter- 
mediate (B < . 1 < 6) negative potential, the kineticdom ara solution S and the 
uid-dom inated ten B exist, which are unstabk. For the steep ( 11 2> 6) negative 
potential S,A and B exist. PomtA isthe stable latetm e attractor. qe generic slu- 
tions start in a kineticdom inated regme orat the uid-dom inated solution and approach 


the stable kineticpotentialscaling solution at bte tm es. 


4 Conclisions and D iscussions 


W e have presented a phase-space analysis ofthe evolution fora patialy atFRW universe 
containing n scalar elds with a positive or negative cross-coupling exponential potential 


h particular, forthe ; = case, we nd that in the expanding universe m odel with a 
su ciently at ( 7 < 6=n) positive crosscoupling potential the only power-law kinetic- 
potentiakscaling solution is the Jatetme attractor. It ism ore di cult to obtain assisted 

in ation in such models since the elds with crosscoupling exponential potential tend to 
congpire to act against one another rather than assist each other. H owever, steep ( ? > 6=n) 
negative cross-coupling potential has kineticdom inated solutions with a / t, some of 
which are the Jatetme attractors. It can be known that the kinetic energy ofeach eld 
tends to be equal via their e ect on the expansion at late tm es. 


Then we have extended the phase-space analysis of the evolution to a realistic universe 
m odelw th abarotropic uid plusn scalar eldswith a postive or ae cross-coup ling 
exponential potential W e have shown that forthe su ciently at ( $1 : < 3 ) positive 
cross-coup ling potential, the kineticpotentialscaling solution is the stable late tim e attrac 
tor. The energy density ofthe scalar elds dom nates at hte tm es. M oreover, for the steep 
é 1 2> 6) positive cross-coupling potential, the uid-kineticpotentialscaling solution 
is the stable Jate-tim e attractor. H ow ever, a negative cross-coupling potentialhas no stable 
scaling solutions. 


A cknow ledgem ents 


This poct was in part supported by NNSFC under G rant Nos. 10175070 and 10047004 
as wellasby NKBRSF G 19990754. 


R eferences 


L] K Coble, SD odelson and JA Frim an, PhysRev.D 55 (1997) 1851; 

R R Caldwelland P J. Steinhardt, PhysRev.D 57 (1998) 6057; 
TZ latev, LM W ang and P J Steinhardt, PhysRev Lett. 82 (1999) 896; 
P J Stemnhardt, LM W ang and IZ latev, PhysRev.D 59 (1999) 123504. 


2] A H Guth, PhysRev.D 23 (1981) 347; 
A D Linde, PhysLett.B 108 (1982) 389; 
A D Linde, PhysLett.B129 (1983) 177. 


B 


no 


E JCopland, AR Liddk, D H Lyth, ED Stewart and D W ands, PhysRev. D 49 
(1994) 6410; 
D ine, L Randalland S Thomas, PhysRev Lett. 75 (1995) 398. 


A] ED Stewart, PhysRev.D 51 (1995) 6847. 


5] AR Liddk, A M azum dar and F E Schunck, |astro-ph/9804177; 


E JCopeland, AMazumdar and NJNunes, PhysRev. D60 (1999) 083506, 


astro-ph /9904309; 


K A Malk andD W ands, PhysRev.D 59 (1999) 123501; 


F F inell, PhysLett.B 545 (2002) 1,{heo-th/0206112). 


6] Y SPiao, W BLin, XM Zhang and Y ZZhang, PhysLett. B528 (2002) 188, 


hep-ph/0109076; 


Y SPiao, RG Cai, XM Zhang and Y Z Zhang, PhysRev. D 66 (2002) 121301, 


heo-ph/0207143. 


[7] F Lucchin and SM atarrese, PhysRev.D 32 (1985) 1316; 
Y K itada and K IM aeda, C lassO vant G rav.10 (1993) 703. 


B] JJHaltwell PhysLett.B 185 (1987) 341; 
A B Burd and JD Barrow, NuclPhys.B 308 (1988) 929; 
A A Coy, J.Jbanez and R J.van den H oogen, JM ath Phys. 38 (1997) 5256. 


D] E JCopeland,A R Liddle and D W ands, PhysRev.D 57 (1998) 4686; 
A P Bilyard, A A Coly and R J wan den H oogen, PhysRev.D 58 (1998) 123501; 
R Jwan den Hoogen, A A Coley and D W ands, C lassQ uantG rav.16 (1999) 1843. 


LO] GFR Elisand JW ainw right, D ynam icalsystem s in cosm obgy Cambridge UP,1997). 
[1] IP C Heard and D W ands, C lassQ uant G rav. 19 (2002) 5435,[grqc/0206085. 

2] ZK Guo, Y SPiao and Y Z Zhang, to appear in PhysLettB )|hep-th/0304048.. 

L3] CM Chen, PM Ho, IP Neupane and JE W ang, {hep-th/0304177). 


